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1. Introduction 

In this article, we prove a generalisation of the Mertens theorem for prime 
numbers to number fields and algebraic varieties over finite fields, paying 
attention to the genus of the field (or the Betti numbers of the variety), in 
order to make it tend to infinity and thus to point out the link between it 
and the famous Brauer-Siegel theorem. Using this we deduce an explicit 
version of the generalised Brauer-Siegel theorem under GRH, and a unified 
proof of this theorem for asymptotically exact families of almost normal 
number fields. 

The classical Brauer-Siegel theorem is a well-known theorem which de- 
scribes the behaviour of the quantity hR (the product of the class number 
and the regulator) in a family of number fields with growing genus under 
the conditions that the genus grows much faster than the degree and some 
additional properties like normality or the Generalised Riemann Hypothesis 
(GRH) to deal with the Siegel zeroes. These two hypotheses are of different 
nature: omitting the first one changes the final result, while the second one 
is a technical hypothesis. Tsfasman and Vladut [8] were able to remove the 
first hypothesis, which led to the so called generalised Brauer-Siegel theo- 
rem, and Zykin [TU] was able to replace "normality" by "almost normality" 
in the second one using results of Stark and Louboutin. He also managed 
to generalise the Brauer-Siegel theorem to the case of smooth absolutely 
irreducible projective varieties over finite fields. 

As for the Mertens theorem, proven by Mertens in the case of Q, and 
much later generalised by Rosen [5] both in cases of number and function 
fields, it can be regarded as the Brauer-Siegel theorem in the finite steps 
of the family. An explicit Mertens theorem leads therefore to an explicit 
formulation of the generalised Brauer-Siegel theorem. We first recall the 
formulations of the (generalised) Brauer-Siegel theorem and Mertens the- 
orem, then we prove their explicit versions for number fields and smooth 
projective absolutely irreducible varieties over finite fields, and finally we 
deduce the explicit generalised Brauer Siegel theorem. 
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2. Around the Brauer-Siegel theorem 

Let us now recall the notations and the definitions involved in the gen- 
eralized Brauer-Siegel theorem, and state it for global fields and smooth 
absolutely irreducible projective algebraic varieties (s.a.i.p.a.v.) over the fi- 
nite field F r . Throughout this paper we will write (NF) and (V) to say that 
something is true in the case of number fields and s.a.i.p.a.v. respectively. 



2.1. Number field case. Given a number field K, let be the usual zeta- 
function of the field K and x K be its residue at s = 1. Denote by ® q (K) the 
number of places of K whose norm is equal to q. Let (Ki) ieN be a family 



of finite extensions of Q. Denote by := log y |Discr(lfj)| the genus of K% 
and rii its degree. Recall that (Ki) ie ^ is said to be asymptotically exact if 
(f) q := ]im$ q (K i )/g i exist for all prime powers q and if K := limri(Ki)/ gt 
and C := limr 2 (K i )/g i exist, where r\{Kj) and r 2 (Ki) stand for the number 
of real and complex places of Ki respectively. We put 0oo = 0r + 20c. 
Being asymptotically exact is not a restrictive property. In fact, every 
tower of global fields is asymptotically exact, and each family of number 
fields contains an asymptotically exact subfamily. In the classical Brauer- 
Siegel theorem, all these (f> q are equal to zero because of the assumption 
rii/gi -> : 

Theorem 1 (Classical Brauer-Siegel). Assume that the family of num- 
ber fields {Ki) is normal over Q or that GRH holds, and assume that 
IrniiTii/gi = 0. Then log hiRi ~ g { . 

In order to prove this theorem, we need to use the class number formula: 

2 ri (27r) r2 , „ 
w\dK\ I 

The result can be reformulated in this way: 

hm^ i = 0. 

* 9i 

Suppressing this hypothesis leads to the Tsfasman-Vladu^ Brauer-Siegel 
theorem (T-V B-S). This time, the <p q are not always equal to zero: 

Theorem 2 (T-V BS (2002)). Let (Ki) ie ^ be an asymptotically exact family 
of number fields . Assume either that GRH holds, or that (Ki) is a family of 
almost-normal number fields (We will say that a number field L is almost 
normal if there exists a tower L C • • • C L n = L of fields such that L i+ i is 
normal over Li for all i). Then the limit k = linij log * K ' exists and we have 
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the following equality: 




< +00 



where the sum is taken over all the powers of prime numbers. 

In their paper [5], Tsfasman and Vladut proved this theorem without 
the assumption of GRH for asymptotically good families of almost normal 
number fields (this means limnj/^ > 0), and Zykin [10] proved this is also 
true for asymptotically bad families. In order to get this result, we have to 
deal with two inequalities, but one of them is always satisfied : 

Theorem 3 (BS Inequality). Let K = (Ki)i e n be an asymptotically exact 
family of number fields. Then 



which requires technical assumptions. 

2.2. Case of algebraic varieties over a finite field. Consider an alge- 
braic variety X of dimension d, defined over a finite field F r . Suppose that 
X is smooth, projective and absolutely irreducible and let \X\ denote the 
set of its closed points. For p 6 \X\ and k(p) its residue field, let deg(p) 
be the degree of the field extension [k(p) : F r ]. Define now for m > 1 the 
$- numbers as before: 



Put X = X ® F where F = F r is the algebraic closure of F r . Let £ be a 
prime different from p. Let 6j = dimH l (X, Qi) for < i < 2d be the Betti 
numbers for the £-adic etale cohomology of X. X is smooth, so they do 
not depend on £ and verify the equality fej = b 2 d-i because of the Poncare 
duality. Let bx = rnax^o,..^ h. In the case of dimension 1, b = b 2 = 1 
and 61 = g, so we have bx = max(g, 1). In this theory the quantity bx will 
play the role of the genus of number fields (and function fields). Since the 
asymptotic theory of varieties of dimension higher than 1 is not yet well 
understood, we do not know exactly which quantity is the exact analogue 
of the genus. We chose this number bx because it was easier to compute the 
sums, but it might happen that the sum of bi or a certain sum of b^s with 




The difficulties come from the second inequality 




#{pe\x\ |deg(p) 



m} . 
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coefficients depending on r could make a better choice. However, unless we 
want to make r or d grow, all these choices are equivalent. 

By the famous Deligne-Grothendieck theorem, the zeta function of X 
verifies 

2d 

z(x,t) = um) ( - 1)i+1 , 

where 

h 

3=1 

uji j being algebraic numbers of module 1 and Po(t) = 1 — t, P2d(t) — l — r d t. 
We will consider (x( s ) — Z(X,r~ s ), and x x = Res s= d(x- 

Let us fix the dimension d, and let X go through a family of s.a.i.p.a.v. 
of dimension d. We say that the family (Xj) ig N is asymptotically exact if 
bx t — > oo, and if, for all m > 1, the limit r ™ = liim $> r m /bxi exist. 

We can now formulate a generalisation of the Brauer-Siegel theorem for 
varieties of dimension d. It was proved by Tsfasman and Vladu^ in the 
function field case [8], and by Zykin (unpublished) in the case of d > 1, 
using a different definition of bx- 

Theorem 4. Let (Xj) ie N be an asymptotically exact family of s.a.i.p.a.v. 

of dimension d defined over F r . Then k = linij log(xxJ/&Xi exists and we 
have the following equality: 



OO / 

K = ^ §r m lo § ( _ 

m=l ^ 



„dm 



■ dm 



Unfortunetaly, we do not know any reasonable interpretation of the residue 
of the zeta function at s — d, such as we have for s — 1 through the class 
number formula in the number field and function field cases . 



3. Mertens theorem and its relation to the generalised BS 

THEOREM 

If one wants to get an explicit version of the generalized Brauer-Siegel 
equality, one need to know what happens explicitly between the residue 
and ^2 q<x (fi q log at the finite steps of the family. This is given by the 
Mertens theorem. 
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Theorem 5 (Mertens). 



on n (!-^) = ^+ o 4^ 



pe\x\ 
dcg(P)<N 

™ n O-^^+^fe 

A/"P<:e 

(iVF - GRH) n O-^-S + ^f^ 

A/P<x 



w/iere 

(V) 7x = 7 + log(x x logr), 

(iVF) 7k = 7 + logxir, 

Pf(K) being the set of finite places of K, and MP denoting the absolute 
norm of the place P. 

The function field case and the number field case are due to Rosen, who 
proved them following the classical proof of the Mertens classical theorem 
[2]. But he paid no attention to the behaviour of the constants in field 
extensions. Unfortunately we did not know about his work before having 
ended ours. Mireille Car also proposed in pQ a different proof in the case 
of function fields. In the number field case, we also follow the classical 
Mertens proof with small variations in order to get an explicit version of 
this theorem, which takes into account the genus and the degree of K . In the 
case of varieties over finite fields, we present a natural proof using explicit 
formulae. We prove in fact the following sharper results: 

Without assuming GRH, we have to deal with exceptional zeroes. A real 
zero p of (k is said to be exceptional if 1 — (8 g)^ 1 < p < 1. A number 
field has at most one exceptional zero. A real zero p is a Siegel zero if 
l-(32g)- 1 <p<l. 

Theorem 6. Let K be a number field. 

{NF) V$ g log(^— J = loglogx + 7 + logx^ + r 1 (x) + -^r 2 (x), 
* \Q — V 1 ~ P 

q<x 

and there exist effective constants C, c±, c<i such that, for all x > Cng 2 , 

1 



\n(x) <ci- 

logx 
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72 (») | < c 2 



1 



if K has an exceptional zero p, 



logx 
otherwise. 



The condition on x does not allow us to have explicit results as in the 
case where GRH holds, but these results, combined with theorem [3], lead us 
to the unified proof of the Brauer-Siegel theorem, and to other nice results 
around the Brauer-Siegel theorem and the family of <p q . 

Corollary 1. Let (Ki) be an asymptotically exact family of almost normal 
number fields. Then the limit lim^oo og3<Ki = ^ exists and verifies the 



the sum being taken over all prime powers q. 

We cannot suppress the hypothesis of normality, because of exceptional 
zeroes that can appear in the family. But we can say something more in 
the general case: 

Proposition 1. Let (Ki) be an asymptotically exact family of number fields. 

(i) Assume that linij ni l ° s ni = 0. Then k exists and equals 0. 

(ii) Assume that the family (K^) is asymptotically good ( i.e. (p^ > ), 
and that there are infinitely many Siegel zeroes in the family. Then 



If we assume GRH, there is no condition on x, and we have the following 
result, which leads to an explicit version of the generalised Brauer-Siegel 
theorem. 

Theorem 7 (GRH Mertens theorem). Assume that GRH holds. Then 



following equality: 




<-i 





m=l 




(NF - GRH) 




q<x 
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where the constants involved in the O are effective and do not depend either 
on X, or on K. 

Corollary 2. Let (Ki) be an asymptotically exact family of number fields, 
and (Jfj) of s.a.p.a.i.v. of dimension d. Assume GRH in the number field 

case. Then the limit lim^oo l ° S g * Ki — K (resp. lim^oo -|^— ' = K ) exists, 

and we have: 

(V) 



(NF - GRH) 



4. Proof of the Mertens theorem 

4.1. Proof in the number field case. In order to prove the Mertens 
theorem for number fields, we follow the nice proof of the classical Mertens 
theorem of [2] as Rosen does in his article, but we use another counting 
function for prime ideals. In addition, we need a precise version of the 
Mertens theorem, so we will have to do the work once again, sketching 
Rosen's proofs. 

Let K be a number field, let n = [K : Q] be its degree and g = 
§log|Discr(iTj|. Put tt(x) :=#{Pg P(K)\NP < x}. One can estimate 
tc(x) by the following bound due to Lagarias and Odlyzko, and improved 
by Serre [6]: 

Consider the Li-function defined by 

U( X ) ■ <if 



log* 



Theorem 8 (Prime ideals theorem). 

(NF) n(x) = hi(x) + A(x), 

where, for all x such that 

(CI) log x > c^ng 2 

\A(x) | < Li(x p ) + Ci x exp ^— c 2 n~i log ¥ (x) 

the term in Li(x p ) is only there if (k has an exceptional zero p. Under 
GRH, one has the stronger result available for all x > 2: 

(NF-GRH) \A(x)\ < cx^ (2g + n\ogx) . 

First, we will give an asymptotic expression for ^ -^p : 
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Proposition 2. 

AfP<x 

Proof : We have the formula: 



ATP<x 

thus 



t 2 



NP<x ' 

Let us first not take into account the dependancies on n and g. As 

Li(t') ~ p<l, 

-2 



~L\{t p )t dt is convergent. 

In order to prove the convergence of the second term, we need the follow- 
ing lemma: 

Lemma 1. For all x such that 



we have 



(C2) logx > 32 2 C 2 2 nlog 2 — , 

c 2 



exp ^— c 2 n 2 log 2 x^j < log 2 x. 



Proof of the lemma: Put y = log 2 x et c = n 2 /c 2 . Consider f(y) = 
7/ 4 exp— |. We have to prove that f(y) is less than 1 if y is big enough. 
We prove that / is decreasing for y > Ac. Assume first that c < e. Then 
y = 16c verifies the inequality f(y) < 1. Indeed 

/(16c) = J»A-» = ^ < 1. 
If c > e, then y = 32c log c fits. Indeed, 

2 20 loe- 4 c 

f(y) = 32Vlog 4 (c) c-^ = < 1, 

c c 

this estimate finishing the proof. ■ 
Therefore we have exp ^— c 2 n 

"hogfy)) = C((logt)- 2 ), and 
t exp ^— c 2 log 2 (t) j rft 



t 2 



is convergent. 
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We obtain the convergence of the second integral with x — > oo, because, for 
t big enough: 

|A(t)| < U(t p ) + cjiexp (-c s n~hogi(t)\ 
Finally we get 

TTp = lo g lo g x + B + o(l). 

J\fP<x 

□ 

We make now the residue appear continuing the asymptotical expansion 
of aTp ^ the calculation of the constant term B. 

Proposition 3. 

B = E { l0 § ( X " j^p) + jfp-} + T + log^s s= ,a( S ). 

Proof : For a complete proof, we refer to the article of Rosen [5], but let 
us still give the sketch of the proof. Write C(x) = log log a; + B + e(x). For 
5 > define 

and 

f(5)=g(8)-lo g ai + 5). 

After some computation using the Abel transform, we find g (5) = B — 7 — 
log <5 + 0(5). Comparing with logCx(l + 5) = — log 5 + logRes^O^s) + 
0(5), we get f(5) = B--f-\ogRes s=1 ( K (s) + 0(5). Taking the limit when 
5 — > 0, we obtain: 

B = E { lo S ( X " ^p) + a^} + 7 + logRes s= ,C^( S ). 

□ 



We finally conclude that 
ATP 
jVP- 1 



A/"P 

E log Af P _ 1 = loglogx + 7 + logR«s s= jCA-(s) 



Let us now estimate the error term 

poo 

e(x) = A(x)x~ 1 - / A(t)r 2 dt, 

J X 

as the function of n and g. 
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Proposition 4. There are computable constants such that: 

(GRH) For any x > 2 we have \e(x)\ <cx~? (6g + 3n\ogx + 2n) , 

For x >> 1, we have \e(x)\ <C4— (l + (1 — p) _1 ) 

ploga; 

+ 2ci log -1 x, 

x » 1 meaning that x must verify conditions (CI) and (C2), the term in 
p being present only if (k has an exceptional zero. 

Proof : Assuming GRH, we obtain directly: 

POO 

1 / 3 

|e(x)| < cx~i (2g + nlogx) + / ct~z (2g + n \ogt) dt 

J X 

\e(x)\ < cx~? (2g + nlogx) + 2cx~? (nlogx + 2n + 2g), 
and finally: 

(GRH) \e(x)\ < cx~^ (Qg + 3nlogx + An) . 

If we do not believe in GRH, we have to use the prime ideal theorem 
again : for x verifying (CI), 

|A(a;)| < Li(x p ) + cixexp ^— c 2 n~i log~(a;)j, 

Consider first the term Ai := Li(x p ). Put 

poo 

ei(ar) = A 1 (x)x~ 1 - / A x (t)r 2 dt. 

J X 

Let C4 be a constant such that lA(x) < c^xlog^ 1 x (for example (1 — 
log2)~ 1 ). One has 

, / m / 1 f°° dt 
\e 1 (x)\c 4 <— +/ — = — : . 

1 u ,w piogx J x P p-nogt 

We can then easily bound the first error term by the following: 



| ei (or)|/c 4 <— J— (l + a-p)- 1 ). 
plogx 

. We now have to deal with the second error term 

A 2 (x) = cixexp ^— C2 \og^(x)j . 

Using Lemma dj for x verifying the condition (C2), we have: 

exp ^— C2 log 5 xj < log" 2 x. 
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Put 

e 2 (x) = A 2 {x)x- 1 - / A 2 (t)t- 2 dt, 

J X 

Thus, for x verifying the hypotheses (CI) and (C2) (note that condition 
(C2) is very weak as compared to condition (CI)) and x > e, we obtain: 

e 2 (x) < ci(log~ 2 x + log -1 x) < 2ci log -1 x. 

□ 

End of the proof of the Mertens theorem: Let us start with the equality 

TrB^ lo ^ogx + B K + e K (x). 



NP<x 



One has 



+ 7 + logRes s=j? C^(s) + ex (x). 
We can bound the remainder term in the following way: 

MP>x K x 7 7 AfP>x 

This sum can be calculated easily under GRH using the prime ideal the- 



orem: 



D(x) 



^Arp^ y t 2 logt y a ^-xiogx 



NP>x 



+ 2 / |A(t)|r d (it 



therefore 

(GRH) for any x > 2 we have -D(x) < 



1 



10 o + 3n\og,x 2n 
1 1 • 

xlogx 3x\fx x 



Without GRH, we can use the bound for ir(x) (see [6]) valid for 
(C3) log x>c 5 g log 2g log log 12g : 

tt(x) < c 6 xlog _1 (a;). 

We have 



MP 2 J x t 2 

AfP>x J x 



d%(t) 
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and, for x sufficiently large, 



2c 6 



D(x) = — v + 2 / rt(t)r 3 dt < 2 c 6 / r 2 log' 1 (t)dt < 

x 2 J x J x xlogx 

Putting all this together, we obtain the following. For x verifying (Ci), 
(C 2 ) and (C 3 ) 

^ lQg ( j\fp P - l ) =1 °g lo g x + 7 + lo g Re ^=^C^(s) 



AfP<x 



Jogx / 1 — p \logx^ 

where the term in p is there only if K has an exceptional zero. The classical 
Mertens theorem follows by an easy application of the Taylor expansion. 
Under GRH, we obtain a stronger result true for x > 2: 

log ( Jp _ 1 ) =1 °g 1 °g a; + 7 + logRes s=i Cif(s) 



, ZlogaA „ / 1 
nO -7- )+gO — 



AfP<x 



'X J \ \/X 

which leads to the Mertens theorem under GRH. 

4.2. Proof in the case of algebraic varieties. We first establish the 
Mertens theorem in the case of smooth absolutely irreducible projective 
algebraic varieties. The generalised Brauer-Siegel follows immediately from 
it. 

For any sequence (v n ) such that the radius of convergence p of the series 
v n t n is strictly positive, put 

+ 0O 

„/. (f) = \^ v f mn 

n=l 

and ip v (t) = ip\ yV {t). For t < r~ d p, we have the explicit formulae: 
Theorem 9 (Explicit Formula). 

+oo 2d— 1 bi 

f=l i=l j=l 

Proof ;[3] □ 
Choose N e N et take v n (N) = - if n < N and otherwise. Applying 
this explicit formula with t = r~ d , we get : 

S (N) = S 1 (N) + S 2 (N) + S 3 (N), 
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where 



N 

S (N) =^n- 1 r- dn ^m$ rdm , 

n=l m/n 

" 1 



n 

n=l 
N 

///•" 



N 1 

^)=E= 



n=l 

2d-l fei N 



1 , i 



n 

i=l j=l n=l 



^ „ 8 Qb 



s 3 (A0 = £(-i)TE-(^V,) n - 

Lemma 2. 

£ E l0 « t^T - SaW £ W + jrfkz- 

Proof of the lemma: Let us first transform the expression of So: 

N E(N/f) 

/=1 m=l 
AT E(N/ /) 

= E E ^rf/^ 



f=l m=l 



-dt N I r df W) , 



Then evaluate £0 

<E^ lo s^- 5 o(AO=E^ lo s^- E r ^ m 

/=1 /=1 y m=l 

AT oo 1 

f=l m=E(N/f)+l 

As 1/m < l/(E(N/f) + 1), we get: 

^ r d f A S r , 

" J^i ^ ~ ~ (E(N/f) + l)(rV) E Wf)(r d f -1)' 



In order to deal with $„/ we use 



$ , < rdf + 1 + ^ //2& * 



/ 
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Let b = bx = maxj(fej). We obtain: 



$ r / < l^+i+&xy //2 



2d-l 



Thus 



. L / - 1 

< - I r df + 1 + for 2 — j 

/ V r 2 — 1 



r dfE(N/f) 

/=1 " /=1 

We split our sum in two in the following way: for / > E(N/2) where 
E(N/f) = 1, and for / < E(N/2) where we use fE(N/f) < N - f. 

N df 1 B W 2 > o , /I L -i 

r \ „ / „ T x 1 2 + Abr 2 



r d(AT-/) 

/=1 " /=1 

1 ^ 2 + Abr-i 

f>E(N/2) 

N 

8 + 12br-~ 



N r dN / 2 ' 
We finally obtain the following inequality: 

n df 8 6 6 



Nr dN/2 jVr (d+I)f 

■ 

In order to estimate Si we use the following well-known inequality (see 
i): 

Lemma 3. 
Lemma 4. 







r rf °° 1 



n=iV+l y 
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Proof of the lemma: S2 is the partial summation of the entire function 
log The inequality comes from the estimation of the remainder term. 

■ 

Let us recall first that: 

d 2d-l hi 

log Res s =,(log r((s))- log ^—j = £ £ log (l - r^wy) ■ 

i=i 3=1 

Compute now S3 : 
Lemma 5. 

2d-l 



v 7 ra - 1 



i=l i=l 

Proof of the lemma: Consider 



(r2 - 1)(N+ l)(rT - 1) 



2d— 1 



i?(A0 = |5 s (iV) - E(" 1 ) m E 1 °S (* 

i=i j=i 

One has 

2d— 1 6j 00 1 

flW = iE(-D*E E 



1 j=l n =N+l 



therefore 



2d-l b. 



i=l j=l n=Af+l 

1 2 ±l bi ( r ^N + i 



N + 



1 

i=i - 1 



y 2 



and 



7 2<f-l 
x — "v iK 

r 2 . 



r(n) < — — y 

- (A -l)(N + l)r dN £^ 
which leads to the result. ■ 

Putting everything together: We deduce then, that for N big enough, 

-log(logrRes s = d Cx)+o(^) + bO 
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where the constant involved in O does not depend on K. □ 

5. Proof of the generalised BS theorem 

5.1. Without GRH. If we do not believe in the generalised Riemann hy- 
pothesis, we have to take into account the conditions on x which forbid us 
to take the limit. Consider an asymptotically exact family (Kj) of number 
fields, and divide it into three subfamilies. The first one consists in all the 
fields that have no exceptional zeroes, we include in the second one the 
fields that do have exceptional zeroes but no Siegel zero, and the last one 
contains the fields that have a Siegel zero. If one of them is finite, we omit 
it. 

Let us focus on the second and the third families, the case of the first one 
being much easier because of the absence of the p-term (or take p = in 
the following). Let us specialise the Mertens theorem in x = e Cng ( 1 ~ p ) , 
where C is big enough to allow x verify all the three conditions. Thus, for 
g big enough and M an explicit constant: 



q \ logx 



,. , , 9 \Q- 1/ 9 



9 9 



Lemma 6. Consider the family (Ki) and its exceptional zeroes pi. Suppose 
that 

limlog(l - pi)/gi = 0. 
Then k exists and we have 



£ 



i 9 

dog 



q 



Let us assume the lemma. Look first at the second subfamily still denoted 
by (K^. Each (k, has an exceptional zero verifying 1 — (8g) _1 < p < 
1 — (32g)~ 1 , thus (1 — p) _1 < 32g. Taking the logarithm, we see that this 
family verifies the condition of the lemma. 

The case of the third subfamily, which is still denoted by (Ki) for the 
sake of commodity, is not so easy, because p can go very close to 1. In order 
to control the magnitude of the term in p, we need to assume that the fields 
are almost normal (or some additional condition as below). Indeed, thanks 
to Stark we know that a Siegel zero p of an almost normal number field K 
is also a Siegel zero of a subextension of K of degree 2 over Q (see [7]). In 
addition, we can estimate (1 — p) _1 as follows [I]: 

Lemma 7. Let K be a number field of degree nx > 1 ■ Then 

Qw 
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Let (ki) be a family of quadratic extensions of Q having the same Siegel 
zeroes as (Ki) and let us apply this lemma : 

- log(l -p Ki ) = ~ log(l -Pkd<- log * ki + 2 log (^) . 
Thus we obtain 

log(T — pk) loexfc i, Oh- 

< ^ t^hi < + 2g~ l log — . 

^ 1 2 

As ki G Ki, gx- > g^. ; the first and the last term of the right side of the 
inequality tend to zero with i. The second term, if positive, can be bounded 
by g^ 1 log ^ and we use the classical Brauer-Siegel theorem for quadratic 
fields which says that it tends to 0. We then apply the lemma to deduce 
the generalised Brauer-Siegel theorem. 
. We still have to prove the first lemma. 
Proof of the lemma: Put 

/,(?) = % log f-ArW), 



9 \Q- 1 

where 5 g (q) — 1 if q < e Cn92 ^ l ~ p ' > 1 , otherwise. Now let the genus tend to 
infinity (g^ being gi again). As 

v-^ f ( \ ^ log x ^ , i 
sup > f 9l (q) < sup + 1, 

i»l — i 9i 

this last quantity being well defined because of basic inequality of |8j, and 
we can apply the Fatou lemma, and obtain: 



< lim inf > / s . (g) = lim inf 



log >c Ki 



9i 

Combining this result with the Brauer-Siegel inequality (theorem [3]), we 
deduce the existence of the limit of log >CK% , which equals Y] n d>„ log ( -^r ) ■ 

Remark that in the case of the first subfamily, the proof becomes easier, 
because we do not have to deal with the p-term. The bound in the Mertens 
theorem is only in log g/g. Specialising in x = e Cn9 instead, and suppress- 
ing the p-term in f g (q) (q > e Cn9 ), we obtain the generalised Brauer-Siegel 
theorem. □ 

Let us now prove Proposition [TJ 
i. Recall the following key-lemma of Stark. 
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Lemma 8 ([7] Lemma 8). Let k be a number field of degree rik > 1. Assume 
that there is a (3 G R such that 

1 ~, — < /3< 1 

and Ck(P) = 0. T/ien there is a quadratic subfield Fofk such that Cf(P) = 0. 

Assume as before that (Ki) has an infinite number of Siegel zeroes which 
do not verify the condition of the lemma. 

Let us split as before the family (Ki) into three subfamilies. The first one 
containing the fields that do not have an exceptional zero, the second one 
consisting in the fields that have zeroes that do not verify this lemma and 
the last one consisting in those whose Siegel zeroes verify the condition of 
the lemma. If one of these families is finite, we omit it. The first and the 
third cases have already been treated before, so let us consider the second 
subfamily. Let us call it (fQ) again. We still have to bound g~ 1 logj^ i . 
Their exceptional zeroes verify 

log < 8 + logn! + logg. 

1-p 

As log n\ < n log n, we deduce that 

1 1 nlogn \ogg 

- log < h m , 

9 1 ~ P 9 9 

where m is an explicit positive constant. Therefore this quantity tends to 
and this completes the proof. 

ii. Suppose now that the family (Ki) is asymptotically good, and that an 
infinite number of them admit a Siegel zero. Then, because of Louboutin's 
lemma, we obtain 

1 , 1 . log Ki m Qi 

— log < 1 log e — . 

9% 1 - P 9i 9i n-i 

This leads to the result, since 6^ = lim — . □ 

5.2. Assuming GRH. In the number field case, let (Ki) be a family of 
fields with g>j — > oo. Starting with the Mertens theorem, dividing by g>j, 
taking g>j — > oo (we can do it because this time there is no condition on x), 
we obtain the Brauer-Siegel theorem. Indeed, the last paragraph shows that 
the limit of log /ft exists, and the asymptotical result follow directly. 

In the variety case, let (Xi) be a family of smooth absolutely irreducible 
projective algebraic varieties over F r . We assume either the result of Zykin, 
or use the bounds for <£> / that we needed for the Mertens theorem, in order 
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to prove that the series 

^ rm log r d'm _ i is convergent, 



and that 



,dm x r dm 



1 ^ ^ r ^ 

6 E $ ^ lo S ^T3T = E ^™ lo § 



m=l m=l 

for any function f of b verifying the conditions : 

lim f{b) = oo, 

b^oo 

limM = 0. 

. 6^oo b 

This is a bit technical but not hard (for the case d = 1 see [9]). 

Using this result in the Mertens theorem (we put N = f(b), divide by b 
and make b — > oo) gives us that the limit of log Kxjbx i exists. We divide 
now by bx { (for any N) in the Mertens theorem and make &X; — > oo in order 
to obtain our version of the Brauer-Siegel theorem for varieties. 

One could likely obtain similar results in the non-smooth case, using the 
virtual Betti numbers. We hope to do this in further work. Let us con- 
clude by the following remark. The explicit Mertens theorem is much more 
interesting than its application to the generalised Brauer-Siegel theorem, 
because it contains more information, and can be therefore useful, for ex- 
ample if we would like to look at the problem in the classical way, putting 
all our attention to the residues Xj instead of to the convergent series, and 
consider the limit of Xj/^j in the tower. 
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